We investigate the fermionic condensate (FC) and the vacuum expectation value (VEV) of the energy-momentum tensor for a charged massive fermionic field in the geometry of a cosmic string compactified along its axis. In addition, we assume the presence of two types of magnetic fluxes: a flux running along the cosmic string and another enclosed by the compact dimension. These fluxes give rise to Aharanov-Bohm-like effects on the VEVs. The VEVs are decomposed into two parts corresponding to the geometry of a straight cosmic string without compactification plus a topological part induced by the compactification of the string axis. Both contributions are even periodic functions of the magnetic fluxes with period equal to the flux quantum. The vacuum energy density is equal to the radial stress for the parts corresponding to the straight cosmic string and the topological one. Moreover, the axial stress is equal to the energy density for the parts corresponding to the straight cosmic string; however, for massive fermionic field this does not occur for the topological contributions. With respect to the dependence on the magnetic fluxes, both, the fermionic condensate and the vacuum energy density, can be either positive or negative. Moreover, for points near the string, the main contribution to the VEVs comes from the straight cosmic string part, whereas at large distances the topological ones dominate. In addition to the local characteristics of the vacuum state, we also evaluate the part in the topological Casimir energy induced by the string.
Introduction
Topological and geometrical concepts are of great significance in the recent developments of many areas of physics, including condensed matter physics, gauge field theories and cosmology.
In particular, the global properties of the spacetime manifold play an important role in quantum field theory. Several interesting quantum effects arise from the nontrivial topological structure of background spacetime. A well-known example of such quantum phenomena is the topological Casimir effect (for reviews see [1] - [4] ). This effect is among the most striking macroscopic manifestations of quantum properties of the vacuum state. The periodicity conditions imposed on a quantum field due to nontrivial topology lead to a modification of the spectrum of zeropoint fluctuations and result in shifting the vacuum expectation values (VEVs) for physical quantities. In Kaluza-Klein type models, the dependence of the vacuum energy on the lengths of extra dimensions can serve as a mechanism for the stabilization of moduli fields. More recently, the topological Casimir effect has been also considered as a model for dark energy driving the accelerated expansion of the Universe [5] - [11] . The topological Casimir effect in cylindrical and toroidal carbon nanotubes is investigated in [12, 13] within the framework of a Dirac-like theory for the electronic states in graphene. In the present paper we investigate the interplay of quantum topological effects for a charged massive fermionic field coming from two different sources: from the conical geometry of a cosmic string spacetime and from the compactification of the string axis. Fermionic currents in this geometry, induced by magnetic fluxes, have been recently studied in [14] . The topological Casimir densities for a scalar field in compactified cosmic string spacetime are discussed in [15] . In this way, the present paper is a natural extension of the investigations started in these references.
Cosmic strings are linear topological defects which play an important role in cosmology. In the context of most unified particle physics models, these objects may have been created by phase transitions in the very early Universe [16] . Topological defects of similar structure arise in a number of condensed matter systems. Among the most important gravitational effects of cosmic strings is the generation of a scale-invariant spectrum of cosmological perturbations and, initially, the cosmic strings have been considered as an alternative to inflation for generating primordial density perturbations from which galaxies grew. Though the observational evidence for acoustic oscillations in the angular power spectrum of cosmic microwave background has ruled out cosmic strings as the dominant source for primordial density perturbations, they are still candidates for the generation of a number of interesting physical effects such as gamma ray bursts [17] , gravitational waves [18] and high-energy cosmic rays [19] . Moreover, the fundamental string theory predicts the existence of macroscopic defects such as cosmic strings [20] - [23] .
At large distances from the cosmic string core, the spacetime geometry for an infinite straight cosmic string has a conical topology with a planar angle deficit proportional to the linear mass density. The vacuum polarization effects in quantum field theory induced by this conical structure have been considered in a large number of papers. In the specific analysis for the VEV of the energy-momentum tensor, explicit calculations have been developed associated with scalar, fermionic and electromagnetic fields [24] - [38] . The Casimir-Polder forces acting on a polarizable microparticle in the geometry of a cosmic string have been investigated in [39] . For charged fields, considering the presence of a magnetic flux running along the cosmic strings, there appear additional contributions to the corresponding vacuum polarization effects [40] - [44] . The magnetic flux along the cosmic string induces also vacuum current densities. This phenomenon has been investigated for scalar fields in [45, 46] . The analysis of induced fermionic currents in higher-dimensional cosmic string spacetime in the presence of a magnetic flux have been developed in [47] . In these analysis the authors have shown that induced vacuum current densities along the azimuthal direction appear if the ratio of the magnetic flux by the quantum one has a nonzero fractional part. Moreover, the fermionic current induced by a magnetic flux in a (2 + 1)-dimensional conical spacetime and in the presence of a circular boundary has also been analyzed in [48] (for the combined effects of topology and boundaries on the quantum vacuum for scalar, electromagnetic and fermionic fields in the geometry of a cosmic string see [49] - [60] ).
The main objective of this paper is to investigate the combined effects of planar angle deficit and of the compactification of cosmic string axis on the fermionic condensate (FC) and on the VEV of the energy-momentum tensor. We assume the presence of a magnetic flux running along the string axis and the magnetic flux enclosed by the compact dimension. Although the corresponding operators are local, due to the global nature of the vacuum state, these VEVs carry important information about the global properties of the background spacetime. The FC plays an important role in models of dynamical breaking of chiral symmetry. The VEV of the energy-momentum tensor acts as a source in the quasiclassical Einstein equations and is of key importance in modelling self-consistent dynamics involving fermionic fields. The paper is organized as follows. In the next section we present the background geometry associated with the spacetime under consideration and provide the complete set of normalized positive-and negative-energy fermionic wave-functions obeying quasiperiodic boundary condition along the string axis. By using the mode-summation procedure, we evaluate the FC. The condensate is decomposed into two terms: the first one corresponds to the geometry of a straight cosmic string with magnetic flux and the second term is induced by the compactification of the string axis. The latter is an even function of the magnetic fluxes, i.e., the fluxes along the string axis and the one enclosed by the string axis. We have provided closed expressions for both contributions. In Section 3, by using the mode-summation procedure, we evaluate the VEVs for all components of the energy-momentum tensor. Similar to the case of the FC, we provide a decomposition of these VEVs into the sum of straight cosmic string and topological parts. Combined expressions for the components of the vacuum energy-momentum tensor and their asymptotics are presented in Section 4. In this sections we also consider the part in the topological Casimir energy induced by the cosmic string and the magnetic flux. The most relevant conclusions of the paper are summarized in Section 5. Throughout the paper we use the units with G = = c = 1 2 Fermionic condensate
Mode functions
In the presence of an external electromagnetic field with vector potential A µ , the quantum dynamic of a massive charged spinor field in curved spacetime is governed by the Dirac equation,
where γ µ are the Dirac matrices in curved spacetime and Γ µ is the spin connection. Both matrices are given in terms of the flat spacetime Dirac matrices, γ (a) , by the relations,
In (2.2), e µ (a) represents the tetrad basis satisfying the relation e µ (a) e ν (b) η ab = g µν , with η ab being the Minkowski spacetime metric tensor.
The four dimensional spacetime corresponding to an idealized cosmic string along the z-axis, can be written, by using cylindrical coordinates, through the line element below:
Here the coordinates take values in the ranges r 0, 0 φ φ 0 = 2π/q, −∞ < t < +∞. The parameter q, bigger than unity, is related to the linear mass density of the string, µ 0 , by q −1 = 1 − 4µ 0 . In the geometry described by (2.3) the gamma matrices can be taken in the form [14] 
where for the 2 × 2 matrices σ l , l = (r, φ, z), one has
It is easy to check that with this choice the matrices (2.4) obey the Clifford algebra with the metric tensor from (2.3).
In the analysis that we want to develop, it will be assumed that the direction along the z-axis is compactified to a circle with length L: 0 z L. Along the compact dimension we impose the quasiperiodicity condition,
with a constant phase β, 0 β 1. In addition, we shall admit the existence of a gauge field with the constant vector potential
The component A φ is related to an infinitesimal thin magnetic flux, Φ φ , running along the string by A φ = −qΦ φ /(2π) (note that A φ and A z are the covariant components of the 4-vector A µ = (0, −A) with A being the corresponding 3-vector). Similarly, the axial component A z can be given in terms of the magnetic flux Φ z enclosed by the z-axis as A z = −Φ z /L. Though the magnetic field strength corresponding to (2.7) vanishes, the nontrivial topology of the background geometry leads to Aharonov-Bohm-like effects on the VEVs of physical observables.
In the present paper we are interested in the effects of the string compactification along its axis on the fermionic condensate (FC) and on the VEV of the energy-momentum tensor. For the evaluation of these VEVs, a complete set of fermionic mode-functions is needed. In Ref. [14] , we have shown that the positive-and negative-energy fermionic mode-functions are uniquely specified by the set of quantum number σ = (λ, k, j, s). These functions can be written in the form 8) where J ν (x) is the Bessel function, s = ±1, λ ≥ 0, and
with ǫ j = sgn(j + α) and with Φ 0 = 2π/e being the flux quantum. The mode-functions (2.8) are eigenfunctions for the projection of total angular momentum operator along the cosmic string, 10) with eigenvalues j = ±1/2, ±3/2, . . .. The eigenvalues of the axial quantum number k are determined by the periodicity condition (2.6),
The energy is expressed in terms of λ and l by the relation
Note that, in order to simplify presentation of the mode-functions, in the negative-energy modes we have changed the signs of the quantum numbers (k, j, s), compared with Ref. [14] . The constants C (±) σ in (2.8) are determined from the orthonormalization condition 14) where γ is the determinant of the spatial metric tensor. The delta symbol on the right-hand side is understood as the Dirac delta function for continuous quantum numbers (λ) and the Kronecker delta for discrete ones (k, j, s, r). From (2.14) one finds
In deriving the mode-functions (2.8) we have imposed regularity condition on the string axis. A discussion on the contribution from irregular modes is given in [14] . The VEVs of physical observables will depend on β and Φ z in the combination given by (2.13). This result could be seen directly by making use of the gauge transformation Having the complete set of wave-functions we are in condition to evaluate the FC induced by the compactification of the string along its axis and also by the magnetic fluxes. The FC is defined as the VEV 0|ψψ|0 ≡ ψ ψ , where |0 corresponds to the vacuum state, andψ = ψ † γ (0) is the Dirac adjoint. Expanding the field operator in terms of the complete set {ψ
σ } and by using the standard anticommutation relations for annihilation and creation operators, the following formula for the FC is obtained:
where we use the compact notation defined as
This VEV is a periodic function of the fluxes Φ φ and Φ z with the period equal to the flux quantum. In particular, if we write the parameter α in (2.9) in the form 18) where n 0 is an integer number, the FC will depend on α 0 only. Note that, for the boundary condition at the cone apex used in [48] , there are no square integrable irregular modes for
Substituting the wave-function (2.8) into (2.16), we can see that the terms with s = 1 and s = −1 give the same contribution and one gets
In what follows we shall use the notation
Of course, the expression in the right-hand side of (2.19) is divergent and a regularization is necessary. Here we assume the presence of a cutoff function without writing it explicitly. As we shall see, the specific form of this function is not relevant in the discussion below. By taking into account the expression (2.12) for the energy, the summation over the quantum number l can be developed by using the Abel-Plana summation formula in the form [ 
Consequently the FC can be written in the decomposed form:
where ψ ψ s is the contribution due to the first integral in the right-hand side of (2.21) and corresponds to the FC in the geometry of cosmic string spacetime in the absence of compactification. As to the term ψ ψ c , it vanishes in the limit L → ∞ and this contribution is induced by the compactification of the string along its axis. In the absence of the magnetic flux, corresponding to α 0 = 0, a closed analytic expression for ψ ψ s is provided in [60] . In this special case an alternative integral representation is derived in [52] . The FC in a (2 + 1)-dimensional conical spacetime in the presence of a magnetic flux, has been evaluated in [56] for a massive field obeying MIT bag boundary condition on a circular boundary. To our knowledge, a closed expression for the FC in a four-dimensional cosmic string spacetime in the presence of magnetic flux running along the string has not been obtained yet. So in order to fulfill this blank, we shall include this calculation in this paper.
FC in the geometry of straight cosmic string
Combining (2.19) and (2.21), for the FC in the geometry of a straight cosmic string we get the integral representation
For the further transformation, we use the relation
Substituting this into (2.23), we can easily integrate over the variable k. As to the integral over λ, we use the integral involving the square of the Bessel function from [63] with the result
1 For generalizations of the Abel-Plana formula see [62] .
with y = r 2 /(2s 2 ) and with I ν (z) being the modified Bessel function. As a result, the FC is presented in the form
where we have defined the function 27) with I(q, α 0 , y) = j I β j (y) and I(q, −α 0 , y) = j I β j +ǫ j (y). An integral representation for the function I(q, α 0 , y), suitable for the extraction of the divergent part in the FC, is derived in [48] . By using that representation, for the function (2.27) one finds the following formula:
where p is an integer defined by 2p q < 2p + 2 and for 1 q < 2 the last term on the right-hand side is absent. The function in the integrand of (2.28) is given by the expression
(2.29)
In the case of integer values of q and for
with an integer n, one has h(q, α 0 , x) = 0. From the condition |α 0 | < 1/2 we find 0 n < q−1/2. In this case a simpler expression for the function J (q, α 0 , y) is obtained:
We can see that the first term on the right-hand side of (2.28) provides a contribution to FC independent of α 0 and q. It corresponds to the FC in Minkowski spacetime in the absence of magnetic flux. This term provides a divergent result to FC. Because the geometry of the cosmic string is flat outside the string core, the renormalization for ψ ψ s reduces to subtract from this expression the Minkowski spacetime part. So we discard the exponential term in (2.28). The other terms provide contributions to the FC due to the magnetic flux and nontrivial topology of the straight cosmic string. These terms are finite and do not require any renormalization procedure. So the cutoff function, assumed implicitly before, can be safely removed. Substituting (2.28) into (2.26), the integrals over the variable y are evaluated with the help of formula from [63] , and the final result for the renormalized FC is written as:
Here we have introduced the notations
with K ν (z) being the Macdonald function. In the absence of the magnetic flux one has α 0 = 0 and, hence, h(q, 0, x) = 2 cos(qπ/2) sinh(qx). In this case the formula (2.32) is reduced to the one derived in [60] . For q = 1, Eq. (2.32) gives the FC induced by the magnetic flux in Minkowski spacetime. For the special case mentioned in (2.30), the integral term vanishes and the renormalized value for the FC is expressed by,
Let us consider some limiting cases. First of all, by using the asymptotic
we see that the FC vanishes for a massless field. At large distances from the string, mr ≫ 1, the FC is suppressed by the factor e −2mr for 1 q 2 and by the factor e −2mr sin(π/q) for q > 2. And finally, on the string, r → 0, the FC diverges as 1/r 2 .
In figure 1 we have plotted the FC in the geometry of a straight cosmic string, ψ ψ ren s /m 3 , as a function of the distance from the string and of the parameter α 0 characterizing the magnetic flux along the string. For the parameter describing the planar angle deficit we have taken the value q = 2.5. As we see, in dependence of the flux, the FC can be either positive or negative. In the absence of the magnetic flux the FC is positive. 
Topological part
Let us now develop the calculation for the contribution to the FC induced by the compactification. This part comes from the second integral in (2.21) and is presented in the form
To continue the calculation, in the integrand of (2.36) we use the series expansion
The integral over k is expressed in terms of the function K 0 (x) and the above expression becomes
By making use of the integral representation for the Macdonald function, 39) we see that the integral over λ becomes of the form (2.25). Defining a new variable y = 2tr 2 /(l 2 L 2 ), the above expression is written as,
The integrand in this expression is nonnegative and, hence, the topological part in the FC is always negative forβ = 0. In this case | ψ ψ c | is a monotonically decreasing function of L. Substituting the expression (2.28) into (2.40) and integrating over y we get the expression:
where we have introduced the notations
In (2.41), the prime on the summation over k means that the term with k = 0 should be taken with the weight 1/2. For a massless field the topological part vanishes. In the special case defined by (2.30), the topological part in the FC reads:
In the absence of cosmic string and flux along the z-axis one has q = 1, α 0 = 0, and in (2.41) the term k = 0 survives only with the result
This quantity corresponds to the FC in Minkowski spacetime with spatial topology R 2 × S 1 and with the length of the compact dimension L. The FC for a more general case of spatial topology R p × (S 1 ) D−p has been investigated in [12] . The topological part (2.41) is finite on the string:
c given by (2.44) and with the notation
Hence, near the string the the FC is dominated by the part ψ ψ s . In the absence of the magnetic flux, for the function (2.46) we have:
Now from (2.45) we see that in the absence of the magnetic flux the topological part in the FC vanishes on the string axis. Combining the expressions (2.32) and (2.41), the total FC is written in the form
Here also, the prime means that the term with l = 0 should be taken with the factor 1/2. The latter presents the part ψ ψ ren s . The second term in the right-hand side of this formula encodes the effects from the string and from the flux running along its axis. At large distances from the string, mr ≫ 1, these effects are suppressed by the factor e −2mr sin(π/q) for q > 2 and by the factor e −2mr for 1 q 2, and one has ψ ψ ≈ ψ ψ (0) c . In the limit mL ≪ 1, the asymptotic behavior of the topological part in the FC depends crucially on the parameterβ, if it is zero or not. For mL ≪ 1, the dominant contribution in the second term of the right-hand side in (2.48) comes from large values of l and we can replace the summation over l by the integration. By using the integration formula from [63] , for the corresponding integral we find
is the FC in a (2 + 1)-dimensional conical spacetime (D = 2) [56] . An additional coefficient 2 in (2.50) is related to the fact that the number of spinor components in D = 2 is 2 instead of 4-component spinors in D = 3. Forβ = 0, in (2.48) the part induced by the string is suppressed by the factor exp[−4πβr sin(π/q)/L] for q > 2 and by the factor exp(−4πβr/L) for 1 q 2. The figure 2 presents the quantity ψ ψ /m 3 as a function of the parameters α 0 andβ for mr = 0.25, mL = 0.5 in the geometry of cosmic string with q = 2.5. As to the previous analysis, the dependence of FC on the parameters can provide positive or negative values. The dependence of the FC on the distance from the string and on the length of compactification is displayed in figure 3 for special values α 0 =β = 0.5 and for q = 2.5. 
Energy-momentum tensor
In this section we analyze another important characteristic of the fermionic vacuum, the VEV of the energy-momentum tensor. For a charged fermionic field, in the presence of electromagnetic field, the operator of the energy-momentum tensor is expressed as:
where D µψ = ∂ µψ −ieA µψ −ψΓ µ and the brackets in the index expression mean the symmetrization over the enclosed indices. Similar to the case of the FC, the VEV of the energy-momentum tensor, 0|T µν |0 ≡ T µν , can be evaluated by using the mode-sum formula
with the notation (2.17). As in the case of the FC, we assume the presence of a cutoff function.
We shall evaluate separately all components of the energy-momentum tensor.
In the geometry under consideration, the VEV of the energy-momentum tensor can be decomposed as
where the term T ν µ s is the VEV for the geometry of an infinite straight cosmic string, and T ν µ c
is the contribution coming from the compactification of the string along its axis. An important point to be mentioned here is that the compactification does not change the local geometry and, hence, the divergences in the VEVs of T ν µ and T ν µ s are the same. Thus, by the decomposition (3.3), the renormalization of T ν µ is reduced to the one for T ν µ s . As in the case of the FC, an explicit decomposition of the form (3.3) can be obtained by using the summation formula (2.21).
Energy density
Let us first consider the energy density, T 0 0 . By taking into account that A 0 and Γ 0 vanish and
σ , we can see that the contributions of the terms s = 1 and s = −1 are the same. After the summation over s the mode-sum (3.2) for the energy density is reduced to
The summation over the quantum number l can be developed by using the formula (2.21) with f (k) = (k 2 +λ 2 +m 2 ) 1/2 . The parts in the VEV of the energy density T 0 0 s and T 0 0 c correspond to the first and second terms in the right-hand side of (2.21), respectively.
We start with the evaluation of T 0 0 s . It is written in the form
To present this expression in a form more suitable for the renormalization and for numerical calculations of the renormalized part, we use the relation
After the substitution of (3.6) into (3.5), the integration over k is elementary and the integral over λ is evaluated by using (2.25). As a result, the VEV of the energy density is written as:
where the expression for J (q, α 0 , y) is given by (2.28). The first term in the right-hand side of (2.28), 2e y /q, provides the divergent part of the VEV. This contribution corresponds to the VEV of the energy density in Minkowski spacetime and in the absence of magnetic fluxes. The well defined physical result for the energy density is obtained by applying the renormalization procedure, which is reduced to the subtraction of the Minkoswskian counterpart. So, by making use of (2.28), after the integration over y, the renormalized energy density is expressed as: Now we turn to the part in the VEV of the energy density induced by the compactification. This part is given by the second integral in the right-hand side of (2.21). By using the expansion (2.37), after the integration over k we can write the topological part in the form
By taking into account that, K 1 (x) = −K ′ 0 (x) and using the integral representation (2.39), the integral over λ is evaluated with the help of (2.25). This leads to the representation:
In the part of the integral with ∂ y we integrate by parts with the result:
From here it follows that forβ = 0 the topological part in the VEV of the energy density is a monotonically decreasing positive function with respect to the both L and m. Now, by using (2.28), after the integration over y we arrive to the final expression
where ρ k and η(z) are defined in (2.42). In the special case defined in (2.30), we obtain,
cos [(2πk/q)(n + 1/2)] cos(πk/q)f 2 (mL l 2 + ρ 2 k ) . (3.14)
Radial stress
Our next step is the evaluation of the radial stress, T r r . In order to do that, we take A r = Γ r = 0 in the general definition of the covariant derivative of the fermionic field. In this way, we can write,
Substituting the mode-functions from (2.8) into the above expression, after some intermediate steps, we arrive at,
where the primes means derivative with respect to the argument of the function. By using the recurrent relations for the Bessel functions, after the summation over s, we write the VEV in the form
with the function
After the application of the summation formula (2.21) to the series over l in (3.17) , the radial stress is decomposed into the parts T r r s and T r r c . We start with the calculation of the part corresponding to the geometry of a straight cosmic string:
Using the relation (2.24) we can develop the integration over k. After that we can write the above expression in the form:
Compared with the case of the energy density, the integral over λ is more delicate. Below we present the main steps:
The first integral on the right-hand side of (3.21) can be developed taking the derivative −∂ s 2 on the integral in the left-hand side of (2.25). As to the second integral, by using the relation
we can show that,
with y = r 2 /(2s 2 ). Further, we use the relation By the direct substitution of (2.28) into (3.24), we can see that the divergent part coming from the first term in the right-hand side of (2.28) presents the corresponding quantity on topologically trivial Minkowski spacetime in the absence of fluxes. Applying again the standard renormalization procedure, we can see that the renormalized expression for the radial stress has the same structure as that obtained from (3.7) after the integration by parts. Consequently, we conclude that T r r ren
Now we pass to the evaluation of the part T r r c . This contribution comes from the second integral on the right-hand side of the summation formula (2.21). By using the expansion (2.37), the integral over k is expressed in terms of the function K 0 (lL √ m 2 + λ 2 ). With the help of the integral representation (2.39) for the Macdonald function, the expression for the topological part becomes,
The integral over λ is in the form (3.21). So its result is: 27) with the notation y = 2r 2 t/(l 2 L 2 ). Finally we arrive to the expression which coincides with (3.12). Hence, for the topological parts as well we have the relation
Note that, for a scalar field with general curvature coupling parameter, the VEVs of the radial stress and the energy density are different [15] .
Azimuthal stress
In the evaluation of the VEV for the azimuthal stress, T φ φ , we have to take into account, A φ = qα/e and 29) being σ 3 the Pauli matrix. So this component reads,
In the development of the term inside the bracket, it is convenient to express the angular derivative in terms of the total angular momentum operator:
we can observe that the anticommutator, {γ φ , Σ (3) }, which appears in the development, vanishes. So after some steps, we get:
Now substituting the Dirac matrix γ φ and the expression for the negative-energy wave-function, we obtain
The summation over s provides the factor 2 and for the summation over l we use again (2.21) .
In this way, we have for the azimuthal stress the decomposition (3.3). Let us start with the part corresponding to the straight cosmic string:
Using again the relation (2.24), we can develop the integral over k. As to the integral over λ we use (3.22) . Finally defining the new variable y = r 2 /(2s 2 ) we get,
By taking into account that q(j + α) = ǫ j β j + 1/2 and using the relation (3.23), we present Combining (3.36) with the expression for T r r s and by using the relations (3.37) for the renormalized VEV of the azimuthal stress we find the following result: 38) with the notation
Now we start the evaluation of the contribution to the azimuthal stress due to the compactification. This term is given by the substitution of the second integral in (2.21) into (3.32) . By using the expansion (2.37), the integral over k provides K 0 (lL √ m 2 + λ 2 ). On the base of the integral representation (2.39) we can rewrite the above expression as:
The integral over λ can be obtained by using the previous result (3.22) . Defining a new variable y = 2r 2 t/(l 2 L 2 ), the expression obtained is given in terms of q(j + α) I β j (y) − I β j +ǫ j (y) . To continue the development, we use again (3.23) and get, Now combining this with the expression for T r r c , one gets the final expression for the topological part in the azimuthal stress:
with the function F (l)
Note that for l = 0 this function coincides with (3.39).
Axial stress
In the calculation of the axial stress, we have to consider A z = −Φ z /L in the covariant derivative of the field operator. So we have,
σ . In addition, the matrix γ z coincides with the standard expression for the Dirac matrix in flat spacetime. For this component, we have,
Substituting the expression for the negative-energy mode function into the above expression, one obtains
For the summation over l, we use the Abel-Plana summation formula, Eq. (2.21), taking f (k) = k 2 (k 2 + λ 2 + m 2 ) −1/2 . This allows us to decompose the axial stress in accordance with (3.3) . The contribution to the axial stress corresponding to the geometry of a straight cosmic string is given by the first term on the right-hand side of (2.21):
Using the relation (2.24), the evaluation of the integral over k can be promptly obtained. As to the integral over λ we use again the result (2.25). Finally, we get,
This result coincides with (3.24), consequently we conclude that:
Also, this property directly follows from the invariance of the problem with respect to the boost along the axis of the string. The topological part in the axial stress is given by substituting the second integral on the right-hand side of (2.21) into (3.46):
Writing k 2 e −lLk = l −2 ∂ 2 L e −lLk and changing the order of the differentiation and the integration over k, the integral is expressed in terms of the function K 0 (lL √ m 2 + λ 2 ). By using the integral representation (2.39) for the latter we get
After the differentiation one obtains
By using the representation (2.28), after the integration over y, we arrive at the final expression
with the notation F (l) 
Properties of the energy-momentum tensor and the vacuum energy
In this section we investigate the properties and the asymptotic behavior of the VEVs found in previous section. We can check that the both contributions to the VEV of the energy-momentum tensor obey the trace relation:
In particular, for a massless field the vacuum energy-momentum tensor is traceless. Because the cosmic string spacetime is locally flat for r > 0, the trace anomaly is zero. Another important property obeyed by the VEV of the energy-momentum tensor is its covariant conservation:
For the problem under consideration this equation is reduced to a single differential equation ∂ r (r T r r ) = T φ φ . We have already proved this relation for separate straight cosmic string and topological parts during the calculation of the corresponding VEVs in the previous section (see (3.36) and (3.42) ).
Combining the formulas obtained above, the part in the VEV of the energy-momentum tensor corresponding to the geometry of a straight cosmic string is presented as (no summation over µ):
where
µ (x) = f 2 (x) for µ = 0, r, z, and the function F
φ (x) is defined by the relation (3.39). In the absence of the magnetic flux along the string axis one has α 0 = 0 and (4.2) is reduced to the expression given in [60] . In this special case an alternative integral representation for T µ µ ren s is derived in [52] . The case q < 2, α 0 = 0 was considered in [38] . For a massless field and for α 0 = 0, the renormalized VEV for the energy-momentum tensor was found in [26, 27] .
For the special case (2.30) with an integer q, the integral term in (4.2) vanishes and we get simple expression
Another simplification takes place for a massless field. In this case, by using (2.35), from (4.2) we find (no summation over µ) and the function s n (q, α 0 ) is defined in (2.46). Note that, by taking into account (2.47), for α 0 = 0, Eq. (4.4) is reduced to the result given in [26, 27] . For a massive field, the expression in the right-hand side of (4.4) gives the leading term in the asymptotic expansion of T 0 0 ren s for points near the string, mr ≪ 1.
At large distance from the string, for q > 2 the dominant contribution in (4.2) comes from the term k = 1 and, in the leading order, we find:
For 1 q 2 the sum over k in the right-hand side of (4.2) is absent and the integral term is suppressed by the factor e −2mr . In both cases | T 0 0 ren figure 4 we have plotted the energy density for a massless fermionic field, multiplied by r 4 , as a function of the parameters α 0 for different values of q (numbers near the curves). As it is seen, with dependence of the magnetic flux, the vacuum energy density can be either positive or negative. In particular, the energy density is negative in the absence of the magnetic flux. The maximal (positive) value of the energy density is obtained for Φ φ = Φ 0 /2. For some values of α 0 the VEV of the energy-momentum tensor vanishes. For these values, the effects induced by the topology of the cosmic string spacetime and by the magnetic flux compensate each other. c , from the formulas given above we have (no summation over µ):
with the functions
The corresponding results for a more general topology R p ×(S 1 ) D−p are given in [12] . Now, combining the formulas obtained before for separate components of the energy-momentum tensor, we can see that the total VEV is written in the form (no summation over µ) 9) where the prime on the sum over l, as before, means that the term with l = 0 should be taken with the coefficient 1/2. The latter coincides with T µ µ s and the l = 0 terms come from the compactification of the string along its axis. The VEV (4.9) is an even periodic function ofβ and α 0 with the period equal to 1. It is symmetric under the replacementβ → 1 −β.
Simpler expressions for the VEVs are obtained in two particular cases. For integer values of the parameter q and for α 0 given by (2.30) one has h(q, α 0 , x) = 0 and (4.9) is reduced to
cos(πk/q) cos((2n + 1)πk/q)
For a massless field, by using the asymptotic expression (2.35), one gets (no summation over µ)
where δ µ is given by (4.5) and we have defined the function
For the series (4.12) one has [64]
with 0 β 1. In this case, the Minkowskian part reads:
(4.14)
Now we consider the asymptotics of the topological part in the VEV of the energy-momentum tensor near the string and at large distances. The topological part is finite on the string:
c is given by expressions ( 4.7) and (4.14) for massive and massless fields respectively. In the absence of magnetic flux along the string axis, α 0 = 0, and in accordance with (2.47) the topological part vanishes on the string. The part T µ µ s diverge on the string and, hence, it dominates in the total VEV for points near the string, r ≪ L. In the opposite limit, r ≫ L, and for a massless field, in (4.11) the argument of the function C(β, x) is large, x ≫ 1. In this case we use the asymptotic formula C(β, x) ≈ π 2 σe −2πσx /(2x 2 ), with σ = min(β, 1 −β) and 0 <β < 1. Forβ = 0 one has C(0, x) ≈ π/(4x 3 ), x ≫ 1. For q > 2 and 0 <β < 1, the dominant contribution to the second term in the right-hand side of (4.11) comes from the k = 1 term and we have
For q 2, in (4.11) the sum over k is absent and the contribution of the integral term is suppressed by the factor e −4πσr/L . Hence, in the case q 2 the suppression of the effects induced by the string at large distances are stronger. Forβ = 0 we have the asymptotic formula
with the function s n (q, α 0 ) defined in (2.46). In figure 5 we have presented the quantity L 4 T 0 0 for a massless fermionic field as a function of the parameters α 0 andβ for fixed values q = 2.5 and r/L = 0.25. The dependence of the same function on the distance from the string is displayed in figure 6 for α 0 =β = 0.5. The numbers near the curves correspond to the value of the parameter q. From the discussion given above it follows that we can decompose the VEV of the energy density as
where the last term is the contribution of the cosmic string to the topological part to the energy density. The distribution of the energy density T 0 0 (0) c , corresponding to the Minkowski spacetime compactified along the z-direction, is uniform. The part T 0 0 ren s behaves near the string as 1/r 4 and, hence, the corresponding contribution to the vacuum energy is divergent. We can evaluate the total vacuum energy (per unit length of the string) induced by the straight string in the region r r 0 > 0: By using the formula ∞ a dx xf ν (x) = f ν−1 (a) and (4.2), one gets
For a massless field this expression is written as:
In the absence of the magnetic flux α 0 = 0, this formula is further simplified by using (2.47). The last term in (4.18) is given by the part in (4.9) with l = 0. For the corresponding contribution to the total vacuum energy one has
where the function s n (q, α 0 ) is given by the expression (2.46) and we have defined the function
For a massless field the expression for E s c is obtained from (4.22) , by taking into account that F (β, 0) = π 2 (1/6 +β 2 −β). In the absence of the magnetic flux along the axis of the string one has α 0 = 0 and, by using (2.47), one finds
In particular, in the absence of magnetic flux enclosed by the compact dimension, Φ z = 0, this energy is negative for an untwisted fermionic field (β = 0) and is positive for twisted field (β = 1/2).
Conclusion
In this paper we have investigated the FC and the VEV of the energy-momentum tensor for a charged massive fermion field in the compactified cosmic string spacetime considering the presence of a constant vector potential. Though the magnetic field strength is zero, the nontrivial spatial topology gives arise to Aharonov-Bohm-like effects on the VEVs. We have assumed that the field operator obeys a quasiperiodicity condition along the z-axis with the period L, exhibited in (2.6). The phase in this condition and the component of the gauge field along the string axis are related through a gauge transformation and the VEVs depend on the combination (2.13). By applying the Abel-Plana summation formula to the series over the quantum number corresponding to the compact dimension, we have explicitly extracted from the VEVs the contributions corresponding to the geometry of a straight cosmic string. The compactification does not change the local geometry, so the renormalization of the VEVs is reduced to the one for the straight cosmic string spacetime part. Outside the string core the background geometry is flat and for the renormalization we need just subtract the parts corresponding to topologically trivial Minkowski spacetime in the absence of magnetic fluxes. The application of the formula (2.28) allowed us to separate explicitly these parts. In this way, we have provided closed analytic expressions for the both renormalized straight cosmic string and topological parts as functions of the planar angle deficit and two kinds of magnetic fluxes: running along the string axis and enclosed by the compact dimension. In particular, both FC and the vacuum energy-momentum tensor, are even periodic functions of these fluxes with the period equal to the flux quantum. The renormalized FC in the geometry of a straight cosmic string is given by the expression (2.32). With respect to the dependence on the magnetic flux running along the string axis, the FC can be either positive or negative for a massive field and it vanishes for a massless field. In particular, in the absence of the magnetic flux the FC is positive. The straight cosmic string part in the FC diverges on the string as 1/r 2 . At distances from the string larger than the Compton wavelength of the fermionic particle, it decays as e −2mr for 1 q 2 and as e −2mr sin(π/q) for q > 2. The part in the FC induced by the compactification of the cosmic string axis is given by (2.41) (an alternative expression is provided by (2.40)). The k = 0 term in this expression, see (2.44), corresponds to the FC in Minkowski spacetime with spatial topology R 2 × S 1 , denoted as ψ ψ
c . The topological part is finite on the string and vanishes in the absence of the magnetic flux along the string axis. For points near the string, the dominant contribution into the total FC comes from the straight cosmic string part, ψ ψ ren s . On the other hand, at large distances from it the effects induced by the string decay exponentially and the FC tends to the limiting value which coincides with ψ ψ (0) c . For small values of the length of compact dimension, the asymptotic behavior of the topological part in the FC crucially depends on the values of the parameterβ describing the magnetic flux enclosed by the compact dimension, i.e. whether it is zero or not. For 0 <β < 1, the effects of the cosmic string in the topological part of the FC are suppressed by the factor exp[−4πβr sin(π/q)/L] for q > 2 and by the factor exp(−4πβr/L) for 1 q 2. In the caseβ = 0 and for small values of L, the asymptotic expression for the FC is given by (2.50), where ψ ψ (D=2) s is the FC in a (2 + 1)-dimensional conical spacetime. The numerical calculations have shown that, at a given point, both the sign and the absolute value of the FC can be effectively tuned by changing the magnetic fluxes.
Another important characteristic of the fermionic vacuum is the VEV of the energy-momentum tensor. The main steps of the evaluation for the separate components of this tensor are presented in Section 3. Combined expressions for both straight cosmic string and topological parts, and their properties are presented in Section 4; in this way we have explicitly shown that these parts obey, separately, the trace relation (4.1) and covariant conservation equation. In particular, the vacuum energy-momentum tensor is traceless for a massless fermionic field. The renormalized VEV of the energy-momentum tensor in the geometry of a straight cosmic string is given in a general form by (4.2) . This expression includes various special cases previously described in the literature. The radial and axial stresses are equal to the energy density. For the axial stress this result could be directly obtained from the boost invariance along the string axis. For a massless field the general formula is simplified to (4.4) . In the absence of the magnetic flux we recover the well-known result derived in [26, 27] . In the general case of a massive field, near the string the straight cosmic string part behaves as 1/r 4 , and it dominates in the total VEV of the energy-momentum tensor. At large distances from the string, mr ≫ 1, the leading terms in the corresponding asymptotic expansions are given by (4.6). Note that in this limit | T 0 0 ren
As it is illustrated in figure 4 , with a dependence on the magnetic flux, the vacuum energy density in the geometry of a straight cosmic string can be either positive or negative. In particular, the energy density is negative in the absence of the magnetic flux.
In the compactified cosmic string spacetime, the total VEV of the energy-momentum tensor is given by (4.9). The term l = 0 in this expression corresponds to the VEV for the geometry of a straight cosmic string and the remaining part is induced by the compactification of the string axis. The term T µ µ
c , defined in (4.7), presents the VEV in Minkowski spacetime with spatial topology R 2 × S 1 in the absence of the cosmic string and flux along the z-axis. Alternative expressions for the topological parts in the VEVs are given by (3.12), (3.41) and (3.52) . As in the case of the straight cosmic string geometry, the radial stress is equal to the energy density. However, the compactification breaks the boost invariance along the string axis and the axial stress differs from the energy density. Simpler expressions are obtained for two special cases. For integer values of the parameter q and for α 0 given by (2.30), the integral term vanishes and we get the expression (4.10). For a massless field the VEV of the energy-momentum tensor is reduced to (4.11) . In this special case, the axial stress is equal to the energy density. The topological part in the VEV of the energy-momentum tensor is finite on the string with the limiting value given by (4.15). In the absence of the magnetic flux along the string axis the topological part vanishes on the string. At large distances from the string and for a massless field, the part in the VEV of the energy-momentum tensor induced by the string is suppressed by the factor e −4πσr sin(π/q)/L (see (4.16)) for q > 2 and by e −4πσr/L for q 2 with 0 <β < 1 and σ = min(β, 1 −β). Forβ = 0 we have a power-law decay given by (4.17) .
In addition to the local characteristics of the vacuum state, we have also evaluated the part in the topological Casimir energy induced by the string. The latter is given by a simple formula (4.22) . In the absence of the magnetic flux along the axis of the string this formula is further simplified to (4.24) . If, in addition, there is no magnetic flux enclosed by the compact dimension, the corresponding energy is negative/positive for untwisted/twisted fermionic fields. The sign of the vacuum energy can be controlled by tuning the values of the magnetic fluxes.
